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What is GMRES?

Throughout the presentation, we focus on Algorithm: GM RES(A, b, Xo, 7_)
the Generalized Minimal RESidual (GMRES) el Ao e b o .
algorithm. equire: A € ybyxo R, T €

1. rg=b—Axy

2 g=|roll, v =ro/B, k=1

3: repeat

4 Wy = AVh

5  fori=1,...,kdo

6: hi,fe = V/-TWk

7. Wp = Wy — h[’kV,'

8: end for

9 Nega e = Well, Veyr = We/hrya ke

100 Vi = [va,..., vy

1M He =A{hijh<i<j<i<k
12: g = argmin, ||Ber — Hyy||
13: R=kR+1

14 until || Ber — Hpyell < 7

15 Xp = Xo + ViYk
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What is mixed precision?

Commonly available floating point arithmetics:

ID  Signif bits Exp. bits Range  Unit roundoff u

fp128 Q 113 15 PO s 19—
double-fp64 DD 107 1 10%3% 6 x 1073
fp64 D 53 11 1013 1% 107
fp32 S 24 8 0% 6x1078
tfloat32 T 11 8 10%% 5% 107"
fp16 H 1 5 10%° 5% 107"
bfloat16 B 8 8 10138 4 %1073
fp8 (E4M3) R 4 10%2 6.3 x 1072
fp8 (E5M2) R* 3 5 10%° 1.3 % 107"

The low precision arithmetics are less accurate BUT are faster, consume less
memory and energy.
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What is preconditioning?

Principle: Transform the original linear system Ax = b into an easier
one to solve.

> Left:
MAx=M"'b,  k(MTA) < K(A).

» Right:
AMT'u=b, x=MTu, kAM") < K(A).

» Flexible: A variant of right-preconditioning allowing the preconditioner
M to vary from an iteration to another. We will consider M = M in
this study.

>» Split:
MUAM U =MTh, x=Mg'u,  k(MTAMRT) < K(A).
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What is preconditioning?

> Left:
MAx=M"'b,  k(MTA) < K(A).

» Right:
AMT'u=b, x=MTu, kAM") < K(A).

» Flexible: A variant of right-preconditioning allowing the preconditioner
M to vary from an iteration to another. We will consider M = M in
this study.

& “The stability of split-preconditioned FGMRES in four precisions” by Erin
Carson and leva Dauzickaite, 2024, ETNA.
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Mixed precision layout for preconditioned GMRES

Algorithm: Left(AM~", b, xo,T) Algorithm: Right(AM~", b, xo,7)
1: r():b—AXO 1 I’o:b—AXo
2: 5o =M""rg 2:
3 8 =lsoll, vi =S0/B, k=1 30 B =lroll, vi =ro/B, k=1
4: repeat 4: repeat
5: Zp = AVh 5: Zp = M_1Vh,
6: Wp = M71Z}? 6: Wy = AZk
7. fori=1,...,kdo 7. fori=1,...,kdo
8: h,,;? = \/’-TWk 8: h[,k = ViTWk
9: Wp = W, — h,‘\kV,' 9: Wp = Wy — h,‘yy(,V,'
10:  end for 10:  end for
M e e = [Well, Vet = We/hega e 1 g = [[Well, Viepr = We/heg e
12: VK,:[VM...,V;?] 12: \/h:[V'\,...,Vh]
130 He ={hijh<i<itnici<e 130 He = {hijh<i<jitmi<i<k
14 yp = argmin, [|Ber — Hey|| 140 yp = argmin, [|Be; — Hpy||
15: R=R+1 15: R=R+1
16: until ||[Ber — Hpyell < 7 16: until [|Ber — Heyell < 7
17: 17: d;? = Vhyk
18: X, = Xo + ViYr 18: Xk:Xo-‘rMiwdk
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Mixed precision layout for preconditioned GMRES

Algorithm: Flexible(A,M~", b, xo,T)

1. rp = b — Axp Uq
2:

3: B=|roll, i =ro/B, k=1 Ug
4: repeat

5z, =My, Um
6: 1 Wp = Az, Uq
7. fori=1,...,kRdo

8: hik = vIwg Ug
9: Wp = Wy — h,‘ka,' Ug
10:  end for

M hpgak = [IWells Vegr = We/hrya i Ug
120 Ve=[va,ee o, elly Zp = [215- -+, 2]

130 Hi = {hijh<i<jyri<i<k

14: Y, = argmin, [|Be; — Hyy|| Ug
15: R=kR+1

16: until [|Ber — Hpyell < 7

17

18: [ Xp = Xo + Zdg Um
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State-of-the-art

How to read: uq, Um, and ugq refer to the precision or the unit roundoff. If we write
Ug < Ug, it means uq is an higher precision than ug.
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State-of-the-art

How to read: uq, Um, and ugq refer to the precision or the unit roundoff. If we write
Ug < Ug, it means uq is an higher precision than ug.

> Ug = Um < ug: Applying A and M~ in high precision to improve accuracy and
robustness. Existing studies are dedicated to left-preconditioned GMRES with LU and
QR-based preconditioners, and SPAI preconditioners.

B “A New Analysis of Iterative Refinement and Its Application to Accurate Solution of
Ill-Conditioned Sparse Linear Systems” by E. Carson and N. J. Higham, 2017, SIAM SISC.

& “Three-Precision GMRES-Based Iterative Refinement for Least Squares Problems”
by E. Carson, N. ). Higham, and S. Pranesh, 2020, SIAM SISC.

B “Five-Precision GMRES-Based Iterative Refinement” by P. Amestoy, A. Buttari, N. J.
Higham, J.-Y. LExcellent, T. Mary, and B. Vieublé, 2024, SIAM SIMAX.

> Ug = Ug < Um: Applying M~ in a lower precision to improve performance.
Existing studies are dedicated to flexible-preconditioned GMRES.

& “Using FGMRES to obtain backward stability in mixed precision” by M. Arioli and I.
S. Duff, 2008, ETNA.

& “The stability of split-preconditioned FGMRES in four precisions” by E. Carson and
I. Dauzickaité, 2024, ETNA.
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We want to answer the question:

What are all the numerically meaningful ways to set uy,
Up, and ug?

Numerically meaningful means there is a tradeoff between
employing computationally efficient low precision, the accuracy of
the computed solution, and number of iterations.
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Error analysis with generic preconditioners

Two main important numerical properties of GMRES: convergence
rate and attainable accuracies.

We cannot derive strong theoretical result on the convergence rate.
& “Any nonincreasing convergence curve is possible for GMRES" by A. Greenbaum, V.
Ptak and Z. Strakos, 1996, SIAM SIMAX.

= We focus on the attainable accuracy/error.
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Error analysis with generic preconditioners

Two main ingredients for bounds on the attainable error:
» A generic preconditioner model
fIM~v)) = (M + aMD)y;, |AMD e < c(n, R)umnl|M ™[,

» The modular framework for the error analysis of GMRES.
& “A modular framework for the backward error analysis of GMRES” by A.
Buttari, N. J. Higham, T. Mary, and B. Vieublé, 2024, preprint.
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Simplified bounds on the forward error

Let’s call X the computed solution and x the exact solution, we define

the forward error as N
X = x[l2

[1X[]2

> Left:
ug/f(M_1A) + Ump + UGH(A),
where p < /{,(/\/IJA)H,(/\/I)HAVJ'H2/HAHf.
> Right:
Ugli(AM_1)l<L(M> =k Umli(/\/D =k UGFL(A).
» Flexible:

Ugk (AM™") k(M) + uar(A).
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List of the different strategies

| Left  Right Flexible

Ug = Ug = Upm ‘ exists exists  exists

Ug = Um < Ug ‘ exists  new new
U= 0 || — new  exists
Ug < Ug=Un | new  new new
Ug < Ug K Um | — new new
Ug < Um < Ug | new  new new

We choose uq < min(ug, Um) to reduce the overall amount of combinations

considered.
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Experimental settings

» We run and compare the mixed precision strategies on various
SuiteSparse matrices with various practical preconditioners.

> We employ restart (equivalent to iterative refinement) to improve
all the solutions to the same prescribed accuracy
[Ix —X]I2

<107,
X112
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Low precision u,,
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DSD means Uq =D, Uug =S, um = D.
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Conclusion

Takeaways

» We derived the most descriptive bounds on the attainable forward error
for left-, right-, and flexible-preconditioned GMRES.

» We identified possible mixed precision strategies to apply the precon-
ditioners in GMRES. They present different tradeoffs between performance
and accuracy/robustness.

» We highlighted that in mixed precision the difference between left-,
right-, and flexible-preconditioning is critical.

Future work: High performance implementations of some of these mixed
precision strategies to solve large linear systems from industrial
applications.

& “Mixed precision strategies for preconditioned GMRES: a comprehensive analysis” by
A. Buttari, X. Liu, T. Mary, and B. Vieublé, 2025, incoming.
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